Let M be the ideal of first category subsets of R and non(M ) = min{card X : X ⊆ R, X ∈ M }. We consider families Φ of sequences converging to ∞, with the property that for every open set U ⊆ R that is unbounded above there exists a sequence belonging to Φ, which has an infinite number of terms belonging to U . We present assumptions about Φ which imply that the minimal cardinality of Φ equals non(M ).
We consider families Φ of sequences converging to ∞ that Φ satisfies the following condition (C) defined in [5] :
(C) for every open set U ⊆ R that is unbounded above there exists a sequence belonging to Φ, which has an infinite number of terms belonging to U.
The origin of this consideration is the observation that if a family Φ of sequences converging to ∞ satisfies the condition (C) and f : R −→ R is continuous, then the convergence of {f (x n )} n∈ω to d ∈ R∪{−∞, ∞} for all sequences {x n } n∈ω belonging to Φ implies that lim x→∞ f (x) = d. We present below necessary definitions and results from [2] and [3] . For the functions f, g : ω −→ ω we define:
We say that F ⊆ ω ω is bounded if there exists a g : ω −→ ω such that f ≤ * g for all f ∈ F . Let b = min {card F : F is unbounded}. Let M be the ideal of first category subsets of R and non(M) = min{card X : X ⊆ R, X ∈ M}. Let ∀ ∞ abbreviate "for all but finitely many". We have ( [1] , [2] and also [4] ):
For a sequence {a n } n∈ω converging to ∞ we define the non-decreasing function f {an} : ω −→ ω (see [5] ): if n∈ω (a n − 1, a n + 1)
Theorem. If a family Φ of sequences converging to ∞ satisfies condition (C) and the following conditions hold:
if {a n } ∈ Φ then ∀n ∈ ω \ {0} 0 < a n+1 − a n ≤ a n − a n−1 (2) then card Φ ≥ non(M).
Proof. We start from remarks which show connections between our theorem and results of [5] . After these remarks we present an introductory Observation and the main Lemma. Remark 1. ( [5] ) If for a family Φ of sequences converging to ∞ the family of functions {f {an} : {a n } ∈ Φ} is unbounded, then Φ satisfies condition (C); b is the smallest cardinality of a family Φ of sequences converging to ∞ which satisfies condition (C).
Remark 2. The family of sequences constructed in [5] , which has b sequences converging to ∞ and satisfies condition (C), satisfies condition (2) and does not satisfy condition (1).
Remark 3a. ( [5] ) If R ⊇ X ∈ M then the family of sequences {{x + log(n + 1)} n∈ω : x ∈ X} satisfies condition (C) (note: it implies well-known inequality b ≤ non(M)) and conditions (1)-(2).
Remark 3b. Let Q + denote the set of positive rational numbers.
f ∈ F } of sequences converging to ∞ satisfies conditions (C) and (1) .
Observation. Assume that: {a n } converges to ∞, {a n } satisfies (2) and the interval (k, k + 1 j )(j ∈ ω \ {0}, k ∈ ω) contains more than one term of the sequence {a n }. We claim that
Proof. We choose the smallest m ∈ ω such that a m ∈ (k, k
) and obviously a m − 1 j < k. From condition (2) we conclude that for each n ∈ ω, n ≥ m: 0 < a n+1 − a n ≤ a n − a n−1 ≤ . . . ≤ a m+2 − a m+1 ≤ a m+1 − a m < 1 j
It implies that for each n ∈ ω, n > m we have:
(a n − 1 j , a n + 1 j ) ⊇ (a n−1 , a n+1 ) Hence:
Therefore:
Lemma. Assume that the family Φ of sequences converging to ∞ satisfies conditions (1)- (2) and f is a bound of the family {f {an} : {a n } ∈ Φ}. We claim that for each {a n } ∈ Φ there exists an m ∈ ω such that {a n } has no more than one term in the interval (k, k+
Proof. On the contrary suppose that there exist
) contains more than one term of the sequence {a n }. By the Observation it implies that Hence f {an} ≤ * f does not hold which contradicts our assumption about f . This completes the proof of the Lemma.
We begin the main part of the proof. Let f : ω −→ ω be a bound of the family f {an} : {a n } ∈ Φ}.
For each k ∈ ω there exists a sequence {(c(k, i), d(k, i))} i∈ω of nonempty pairwise disjoint intervals satisfying
We assign to each {a n } ∈ Φ the function s {an} : ω −→ ω according to the following rules: 1) if the sequence {a n } has no terms in i∈ω (c(k, i), d(k, i) ) then s {an} (k) = 0, 2) if the sequence {a n } has some term in i∈ω (c(k, i), d(k, i)) then s {an} (k) is the smallest i ∈ ω such that the sequence {a n } has some term in the interval (c(k, i), d(k, i)).
Suppose, contrary to our claim, that the family Φ satisfies (1)- (2) and card Φ < non(M). It implies that the cardinality of the family {s {an} : {a n } ∈ Φ} ⊆ ω ω is also less than
Therefore, there exists a function g : ω −→ ω such that for each sequence
The set U is open and unbounded above. We prove that each sequence {a n } ∈ Φ has only a finite number of terms belonging to U. We fix {a n } ∈ Φ. Let A := {k ∈ ω : g(k) = s {an} (k)}. The set A is finite. Let B denote the set of all k ∈ ω such that the sequence {a n } has more than one term in i∈ω (c(k, i), d(k, i)). The set B is finite according to the Lemma and ( * ). We have:
Since A ∪ B is finite (as the sum of two finite sets) the first sum over k ∈ A ∪ B is bounded above. Therefore the sequence {a n } converging to ∞ has only a finite number of terms in the first sum. Concerning the second sum over k ∈ ω \ (A ∪ B) : if k ∈ ω(A ∪ B) then the sequence {a n } has at most one term in i∈ω (c(k, i), d(k, i)) and this term belongs to the interval (c(k, s {an} (k)), d(k, s {an} (k))). Since g(k) = s {an} (k), the interval (c(k, g(k), d(k, g(k))) has no terms of the sequence {a n } as it is disjoint from (c(k, s {an} (k)), d(k, s {an} (k))). Thus {a n } has no terms in k∈ω\(A∪B) (c(k, g(k)), d(k, g(k))).
We have proved that any {a n } ∈ Φ has only a finite number of terms in U. Therefore Φ does not satisfy condition (C). It contradicts our assumption. The proof is complete.
